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Justification of the delay

The WP2 leader Aston University encountered delays in the recruitment process resulting.

Besides, as a result of undertaking visa applications for the ESR2, the delay between appointing the selected candidate
and his actual start date became really significant. ESR2 has arrived at Aston in the end of November. At the beginning,
most of his time was dedicated to the detailed acquaintance with the position requirements. From January, ESR2
started to work on the basis for this deliverable, focusing on studying the details of the sparse identification method
for optical systems and emerging discrete statistical model.

Due to all the above, the deliverable D2.1, “Design and modelling of appropriate discrete-time statistical model” has
finally been delayed by 150 days.

This delay has no effect on the overall aims of the project, and we are confident that we will be able to complete the
project efficiently and as planned.



1 Introduction

In digital optical communications, the problem of channel modeling and nonlinearity mitigation are strongly inter-
connected and still open. An “accurate” channel model is required to describe and analyse the nonlinear effects with
the final goal of optimising the modulation format and the detection strategy to improve the overall system function-
ing. To formulate the model in information-theory terms, it must express, mathematically, the output symbols given
the input ones and thus maintaining the acceptable physical accuracy for a sufficient range of input distributions [1]

Unfortunately, the equation that governs the propagation of light, i.e., the nonlinear Schrodinger equation (NLSE),
makes the discrete time channel modelling being a fairly onerous task due channels nonlinear response propri-
eties. With this, the optical fiber channel involves three major-order physical effects that constitute the main im-
pairments affecting system’s performance: noise, linear and polarization dependent effects (polarization mode de-
pendent (PMD), polarization dependent loss (PDL)), and nonlinear ones such as Kerr and Raman scattering. The
nonlinear signal-noise interference induced by the simultaneous involved action of these three effects makes this task
even more demanding.

Over the years, a number of different approximate models of the optical fiber channel have been developed, with the
different trade-offs ratio between accuracy and mathematical complexity. One of the approaches consists in solving
the propagation equation numerically, after which we can approximate the fiber capacity by estimating the input and
output statistics [2]. The second possible general approach is to estimate the fiber capacity analytically using some
specific simplifying assumptions [3].

In this deliverable, a literature review for the discrete-time statistical channel models will be presented considering
three different scenarios: a single channel taking into account both polarization, SDM (Space Division Multiplexing),
and WDM (Wavelength-Division Multiplexing). The data transmission chain will be mathematically demonstrated
and graphically illustrated. Also, the parameters that measure the quality of transmission will be presented.

The goal of this deliverable is to properly define the fiber channel model for different real case scenarios. This is the
first step to create a nonlinear mitigation strategy to be applied in real world scenarios. The simulator created for this
deliverable was written in Python 3.7 and all the graphics and data were obtained within it.

REAL-NET Consortium 2019-2023 Deliverable D2.1
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2 Digital Optical Communication

The communication science considered in our study refers to the proces of sending, receiving and processing in-
formation. Fig. 2.1 shows the block diagram of the considered data transmission system, where the message on the
transmission side is encoded and modulated, then transmitted through a physical channel (i.e., an optical fiber). On
the transmission side, there are four steps that will prepare the digital data to be transmitted in the physical layer.
Those steps are: encoding, digital modulation, digital to analog conversion and IQ modulation (i.e, electrical to opti-
cal conversion). The next sections are described hereafter.
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Figure 2.1: Schematic representation of the considered digital optical communication.

2.1 Encoder

Encoders are used to transform data into a code, aiming to facilitate the error correction in digital communications.
In our work we used Gray code.

The main issue with using a natural binary code is that physical switches are not ideal: it is very unlikely that physical
switches will change states in synchronism. This fact will cause a misreading during a brief period of time. For in-
stance, the transition between two binary symbols (011 → 100), while all bits are changed, the switches will read some
spurious position, and in time the transition might look like 011 -— 001 -— 101 —- 100. When the switches appear to
be in position 001, the observer cannot tell if that is the "real" position 001, or a transitional state between two other
positions. If the output is fed into a sequential system, possibly via the combinational logic, then the sequential sys-
tem may store a false value. The Gray code solves this problem by changing only one switch at a time, so no ambiguity
of position occurs [4].

The easiest way to describe the algorithm of Gray mapping is the utilisation of logic gates. In Fig. 2.2, the conversion
of a symbol with 4 bits is shown.

The generalization of the mapping of a symbol with N bits can be described mathematically as:

REAL-NET Consortium 2019-2023 Deliverable D2.1
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2. Digital Optical Communication 2.1. Encoder

Figure 2.2: Gray mapping for 4 bit symbol.

(2.1)GR AY (N ) = B I N (N )

(2.2)GR AY (N − 1) = B I N (N ) ⊕ B I N (N − 1)

....

(2.3)GR AY (1) = B I N (2) ⊕ B I N (1)

(2.4)GR AY (0) = B I N (1) ⊕ B I N (0)

where, B I N (N ) is the most significant bit, B I N (0) the least significant bit. The symbol ⊕ indicates the XOR gate.

The Python code for Gray coding and decoding to binary is shown in Listing 1.

1 def binarytoGray (binary , num_bits_symbol ):
2 gray = np. zeros (( len( binary ) ,), dtype =int)
3 N=int(len( binary )/ num_bits_symbol )
4 count =0
5 for i in range (0,N):
6 gray[ count ] = binary [ count ]
7 for j in range ( count +1, count + num_bits_symbol ):
8 gray[j] = xor_c ( binary [j - 1], binary [j])
9 count = count + num_bits_symbol

10 return gray
11

12 def graytoBinary (gray , num_bits ):
13 N = int(len(gray) / num_bits )
14 binary = np. zeros (( len(gray) ,), dtype =int)
15 count =0
16 for i in range (0,N):
17 binary [ count ] = gray[ count ]
18 for j in range ( count +1, count + num_bits ):
19 if (gray[j] == 0):
20 binary [j] = binary [j - 1];
21 else:
22 binary [j] = flip( binary [j - 1]);
23 count = count + num_bits
24 return binary ;

Listing 2.1: Gray Mapping

REAL-NET Consortium 2019-2023 Deliverable D2.1
3



2. Digital Optical Communication 2.2. Digital modulator

2.2 Digital modulator

In this section, the encoded bit stream will be mapped into complex symbols in the digital domain. The function
that carry out this procedure is the digital modulator. Considering a digital modulator with an alphabet of M possible
values, a bit sequence b1,b2, ...,bk will be mapped to a complex number cx . The value of cx depends on the values of
each bit transmitted. The maximum k per symbol is defined as [5, 6]:

(2.5)k = log2(M).

There are different types of digital modulation. In this simulator, the quadrature amplitude modulation (QAM) is used.
The advantage of using QAM is that it is a higher order form of modulation and, as a result, it is able to carry more bits
of information per symbol. Fig.2.3 shows the complex constellation for three modulation formats: QPSK, 16QAM and
64QAM. By selecting a higher order format of QAM, the data rate of a link can be increased, while the symbol rate is
kept constant.

Figure 2.3: Different type of QAM signals: QPSK, 16QAM, and QAM.

Table 2.1 reports the relationship between the modulation format and the symbol rate for a certain bit rate of the
system.

Table 2.1: Relationship between the modulation format and symbol (baud) rate

MODULATION BITS PER SYMBOL SYMBOL RATE

BPSK 1 1 × bit rate
QPSK 2 1/2 × bit rate
8PSK 3 1/3 × bit rate

16QAM 4 1/4 × bit rate
32QAM 5 1/5 × bit rate
64QAM 6 1/6 × bit rate

However, as the modulation order increases, the Euclidean distance between the points on the constellation de-
creases, which degrades the transmission quality. This distance d reads as follows [7]

(2.6)d =
√

2kEb

2(M − 1)
,

REAL-NET Consortium 2019-2023 Deliverable D2.1
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2. Digital Optical Communication 2.2. Digital modulator

where Eb is the average energy per bit.

Therefore, small amounts of noise can cause greater issues for modulations with a smaller distance between their
participating symbols (constellation points). If it becomes too large, then the receiver is unable to determine which
position on the constellation the transmitted signal was meant to be, and this results in errors.

In the simulator, the library Commpy was used in this step. Fig. 2.4 illustrates the real (I) and imaginary part (Q) of 10
QPSK symbols over time.

Figure 2.4: Transmission of 10 symbols using QPSK modulation.

2.2.1 Digital to analog converter

The digital to analog converter (DAC) takes the discrete time signal and generates a pass-band signal x(t ) that is band
limited to W Hz. First, considering that N symbols were generated and transmitted at a symbol rate Rs and with an
analog sampling rate of Fs , the equation that describes the signal at the position b of Fig. 2.1 is

(2.7)x ′(t ) =
N∑

k=1
xk · δ(t − k/Rs ).

To make x ′(t ) band limited, it must be convoluted with a function g (t ), called pulse shape, that is band limited with
the desired bandwidth of W Hz. The equation that describes the signal at the position c of Fig.2.1 then becomes

(2.8)x(t ) =
N∑

k=1
xk · g (t − k/Rs ).

The condition in choosing the pulse shape is that it must not induce intersymbol interference (ISI) between successive
symbols.

In our simulator, the square-root raised cosine (RRC) shape is used, and it is described in frequency domain as

S( f ) =



p
Ts if f < 1−ρ

2Ts
,√

Ts cos2(
πTs

2ρ
( f − 1−ρ

2Ts
)) if

1−ρ
2Ts

< f < 1+ρ
2Ts

,

0 else,

where S( f ) is the frequency response of g (t ), ρ is the roll-off factor, and Ts is the symbol period (1/Rs ). The bandwidth
of the symbol in this case is defined as:

(2.9)W = (1 + ρ)Rs .

As it can be seen in Fig. 2.5, for the case when the roll-off factor is equal to 0.25, the corresponding time-domain pulse
of g (t ) is not zero at the sampling times and, therefore, exhibits ISI. The reason for using this pulse shape is that by
placing a root-raised-cosine spectrum filter, both at the transmitter and receiver, the overall pulse shape has a raised-
cosine spectrum. Furthermore, the receiver filter now acts as a matched filter for the transmit pulse. Matched filter
receiver is used because it maximizes the signal-to-noise ratio (SNR) for the channels with additive noise [2].

In Python, the code for the class RRC is given in Listing 2, and it results in the blue signal of Fig.2.6. Those signals are
commonly known as the complex envelopes of x(t ).

REAL-NET Consortium 2019-2023 Deliverable D2.1
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2. Digital Optical Communication 2.2. Digital modulator

Figure 2.5: Time response for the RRC with 0.25 of roll-off factor and sampling rate 64 Gbaud

1 import numpy as np
2 from commpy . filters import rrcosfilter
3

4 class RRCfilter :
5 def __init__ (self , N, beta , Ts , Fs): # t0 introduces a delay of 3Ts
6 self.N = int(Fs *3* Ts *2) # Length of the filter in samples truncate it to a length of 2 t0

and (t0 =3 Ts) and shift t0 to make it causal
7 self.beta = beta # Roll off factor ( Valid values are [0, 1]).
8 self.Ts = Ts # Symbol period in seconds .
9 self.Fs = Fs # Sampling Rate in Hz.

10

11 def filter (self , sQ):
12 time_idx ,self.sPSF = rrcosfilter (self.N, self.beta , self.Ts , self.Fs)
13 self.qW = np. convolve (sQ , self.sPSF) # Waveform with PSF

Listing 2.2: Shape Filter Code

REAL-NET Consortium 2019-2023 Deliverable D2.1
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2. Digital Optical Communication 2.3. I/Q modulator

Figure 2.6: Complex envelopes transmitted.

2.3 I/Q modulator

The signal x(t ) has a real (It (t )) and a imaginary component (Qt (t )). Since complex values cannot be transmitted
in real scenarios throughout a physical media, it would be necessary to employ two base-band channels to transmit
complex x(t ). To avoid that, the IQ modulator-demodulator is used in this simulator. I/Q modulator takes advantage
of sine and cosine signals being mathematically orthogonal to each other, and therefore separable with limited effort.
This means that you can modulate one signal with a sine wave, another one with a cosine wave, and still be able
to separate these two signals at the receiver even though their frequency spectrum overlaps. Fig. 2.7 shows the IQ
modulator and demodulator scheme.

Figure 2.7: I/Q modulator scheme.

The signal generated by the modulator, and that it will be transmitted over the fiber, can be described mathematically
as in [6], and it reads as

(2.10)X t (t ) =
N∑

k=1
xi k · g (t − kTs ) · cos(2π fc t ) −

N∑
k=1

xqk · g (t − kTs ) · sin(2π fc t ) = It (t ) +Qt (t ),

REAL-NET Consortium 2019-2023 Deliverable D2.1
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2. Digital Optical Communication 2.3. I/Q modulator

(2.11)X t (t ) =
N∑

k=1

xk

2
· g (t − kTs ) · e i 2π fc t + x∗

k

2
· g (t − kTs ) · e−i 2π fc t ,

where the symbol of the constellation xk is represented as xk = xi k + i xqk and x∗
k is the complex conjugate of xk .

Eqs. 2.10 and 2.11 contain similar expressions, but Eq. 2.11 features the function of the constellation symbols trans-
mitted. Fig.2.8 shows the It (t ) and Qt (t ) and the effect on the spectrum of the signals after been multiplied by a sine
and cosine functions. Several observations can be made from these graphs. The orange curves are the upconverted
version of the blue curves, which are their envelope in time domain. In the spectrum, we see that the orange curves are
the copies of the blue ones, but shifted to the carrier frequency ( fc ). In particular, note that all spectra are symmetric.
This is clear, since both It (t ) and Qt (t ) are purely real functions, which have a symmetric spectrum.

It is important to highlight that the fc is the frequency of the light and depends on which wavelength is used in the
system. At the receiver, the signal after the I/Q demodulator is represented as

Figure 2.8: Signal after the I/Q modulator: (top), time domain; (bottom), frequency domain.

(2.12)Xr (t ) =
N∑

k=1

[
xk

2
· g (t − kTs ) · e i 2π fc t + x∗

k

2
· g (t − kTs ) · e−i 2π fc t

](
cos(2π fc t ) − i · sin(2π fc t )

)
,

(2.13)Xr (t ) =
N∑

k=1

xk

2
· g (t − kTs ) + x∗

k

2
· g (t − kTs ) · e−i 2π2 fc t ,

As can be seen, the downconverted signal has some components around f = 0 and some images around f = 2 fc . Since
only the central part is important to recover the signal, the images at 2 fc need to be eliminated.

To this end, a low-pass filter, which is called the image rejection filter, is applied. In this simulator the cutoff of the
filter was chosen equal to the bandwidth of the AD (analog digital) converter in order to reduce the amount of noise.
Also note that the filter, to be causal, necessarily introduces some extra delay τLP to the signal. The code for the
lowpass filter can be seen in the Listing 3 and its response in the frequency and in the time on the Fig. 2.9. The library
Scipy.signal was used in this step.

REAL-NET Consortium 2019-2023 Deliverable D2.1
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2. Digital Optical Communication 2.4. Receiver

1 cutoff = BN # ADC converter
2 lowpass_order = 51
3 lowpass_delay = ( lowpass_order // 2)/Fs # a lowpass of order N delays the signal by N/2

samples (see plot)
4 # design the filter
5 lowpass = scipy . signal . firwin ( lowpass_order , cutoff /( Fs /2))
6 # idown = Signal received multiplied by cosine function
7 # qdown = Signal received multiplied by minus sine function
8 idown_lp = scipy . signal . lfilter (lowpass , 1, idown ) # I component after the Lowpass filter
9 qdown_lp = scipy . signal . lfilter (lowpass , 1, qdown ) # Q component after the Lowpass filter

Listing 2.3: Lowpass Filter Code

Figure 2.9: Lowpass filter responses.

2.4 Receiver

After passing through the matched filter, the signal is shifted in time due to the delay added on the shape filter at the
transmitter and on the lowpass and matched filters at the receiver. Fig.2.10 shows the sequence of symbols received
with the delay.

Due to the time shift, the demodulator needs to take the resulting delay into account. The sampling will then start
only after Td seconds, where Td is defined through the relation

(2.14)Td = 6 ∗ Ts + (0.5 ∗ Lowpass_Order)/Fs .

In addition, this simulator uses the hard-decision decoding to demodulate the symbols received [7]: it samples the
received pulses and compares their amplitudes to threshold values to define which sequence of bits it represents.
Therefore, it can be affirmed that the demodulator decides which modulation symbol was transmitted and passes its
decision to the decoder. The decoder operates based on these hard decisions.

The code for the demodulator is provided in Listing 4.

1 def demodulate (self , input_symbols , demod_type , noise_var =0):
2 """ Demodulate (map) a set of constellation symbols to corresponding bits.
3 Parameters
4 ----------
5 input_symbols : 1D ndarray of complex floats
6 Input symbols to be demodulated .
7 demod_type : string
8 ’hard ’ for hard decision output (bits)
9 ’soft ’ for soft decision output (LLRs)

10 noise_var : float
11 AWGN variance . Needs to be specified only if demod_type is ’soft ’
12 Returns
13 -------
14 demod_bits : 1D ndarray of ints
15 Corresponding demodulated bits.
16 """
17 if demod_type == ’hard ’:

REAL-NET Consortium 2019-2023 Deliverable D2.1
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2. Digital Optical Communication 2.5. Quality of transmission

Figure 2.10: Symbols received after the matched filter.

18 index_list = map( lambda i: argmin (abs( input_symbols [i] - self. constellation )),
19 range (0, len( input_symbols )))
20 demod_bits = array ([ dec2bitarray (i, self. num_bits_symbol ) for i in index_list ]).

reshape ( -1)
21

22 elif demod_type == ’soft ’:
23 demod_bits = zeros (len( input_symbols ) * self. num_bits_symbol )
24 for i in arange (len( input_symbols )):
25 current_symbol = input_symbols [i]
26 for bit_index in arange (self. num_bits_symbol ):
27 llr_num = 0
28 llr_den = 0
29 for const_index in self. symbol_mapping :
30 if ( const_index >> bit_index ) & 1:
31 llr_num = llr_num + exp(
32 (-abs( current_symbol - self. constellation [ const_index ]) ** 2)

/ noise_var )
33 else:
34 llr_den = llr_den + exp(
35 (-abs( current_symbol - self. constellation [ const_index ]) ** 2)

/ noise_var )
36 demod_bits [i * self. num_bits_symbol + self. num_bits_symbol - 1 - bit_index

] = log( llr_num / llr_den )
37 else:
38 raise ValueError (’demod_type must be "hard" or "soft"’)
39

40 return demod_bits

Listing 2.4: Demodulator Code

2.5 Quality of transmission

The quality of optical signals is the parameter that represents the effectiveness of receiving the correct message at the
receiver. Then, measuring this parameter is one of the most important tasks in optical communication. A variety of
metrics are available, namely: the general shape of the eye diagram, the optical signal-to-noise power ratio (OSNR),
the Q-factor, the error vector magnitude (EVM) that is especially suited for quadrature amplitude modulation (QAM)

REAL-NET Consortium 2019-2023 Deliverable D2.1
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2. Digital Optical Communication 2.5. Quality of transmission

formats, and the bit error ratio (BER) [2]. In this work, BER, Q-factor, EVM and SNR will be evaluated.

The most famous quality parameter is the BER which defines the number of bit errors per unit time. Assuming that
there is equal probability of transmitting “1” or “0”, the BER is defined in Eqs. 2.15 and 2.16 16 [8].

(2.15)BER = 1

2
Pr(detected − 0,transmitted − 1) + 1

2
Pr(detected − 1,transmitted − 0),

(2.16)BER = Error

Number of bits
.

According to [8], BER can be expressed as function of the Q-factor. Eq. 2.17 below represents the relationship between
Q-factor 1 and BER

BER = 1

2
er f

(
Qp

2

)
. (2.17)

The error vector magnitude (EVM) is defined by a root mean square σer r or of the various complex amplitude “vector”
E for N randomly transmitted symbols and embraces all (linear and nonlinear) impairments. Eq. 2.18, 2.19 and 2.20
define the EVM with average field normalization [8]:

σ2
er r or =

1

N

N∑
i=1

|Eri −Eti |2, (2.18)

|Eta |2 =
1

M

M∑
i=1

|Eti |2, (2.19)

EV Ma = σer r or

|Eta |
, (2.20)

where Eti is the complex amplitude of the transmission, Eri is the complex amplitude of the reception and M is the
number of possible symbols in the transmission.

Figure 2.11: BER versus SNR.

1It is worth to mention that the Q-factor can also be expressed by other expressions.

REAL-NET Consortium 2019-2023 Deliverable D2.1
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2. Digital Optical Communication 2.5. Quality of transmission

Finally, in [9] a clear explanation of how to calculate SN R and its relationship with EV Ma was introduced. SNR is a
relative measure of the signal power compared to the noise power and it can be defined as

SN R = Psi g nal

Pnoi se
, (2.21)

or, explicitly,

SN R =
1

T

∑N
i=1 |It |2 −|Qt |2

1

T

∑N
i=1 |nI ,t |2 −|nQ,t |2

, (2.22)

where nI ,t and nQ,t are the in-phase and quadrature noise amplitudes of the complex noise being considered.

The relationship between EV Ma and SN R for a Gaussian noise model channels is given by

SN R = 1

EV M 2
a

. (2.23)

Also, the relationship between SN R and BER can be find in the Fig. 2.11 for different modulation formats. [9]
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3 Channel Models

The nonlinear Schrödinger equation (NLSE) is typically used as the principal master model governing the propagation
of optical pulses down the single-mode fiber [10–12]. In the general form, the NLSE reads as

∂X t (z, t )

∂z
=−α

2
X t (z, t )− iβ2

2

∂2X t (z, t )

∂t 2 + iγ|X t (z, t )|2X t (z, t ), (3.1)

where X t (z, t ) is the slowly varying pulse envelope transmitted throughout the optical fiber, t is the time variable in
the reference frame co-moving with the group velocity of the envelope, and z is the distance along the fibre. The three
terms on the right-hand hand of Eq. 3.1 describe, respectively, the effects of fiber loss (α > 0), dispersion (β2), and
nonlinearity (γ > 0). Depending on the initial width T0 (or bandwidth) and the peak power P0 of the incident pulse,
either dispersive or nonlinear effects can dominate along the signal evolution. It is useful to introduce two length
scales, known as the dispersion length, LD , and the nonlinear length LN L [13]: these refer to the characteristic scales
for either linear (dispersive) or nonlinear effects, correspondingly. Depending on the relations of LD and LN L , and the
overall signal propagation distance L, either linear or nonlinear effects can dominate, defining the main features of
signal’s evolution. LD and LN L as functions of fibre and signal parameters, are given as [14]:

LD = T 2
0

|β2|
, (3.2)

LN L = 1

γP0
. (3.3)

When L is larger or comparable to both LD and LN L , the dispersion and nonlinearity act together as the pulse propa-
gates along the fiber.

The most used method to solve the NLSE numerically is called the Split Step Fourier Method (SSFM). Within this
method, the NLSE is rewritten as two split operators (D is the linear one, and N refers the nonlinear contribution):

∂X t (z, t )

∂z
= (

D +N
)
X t (z, t ), (3.4)

where D =−α
2
− iβ2

2

∂2

∂t 2 and N = iγ|X t (z, t )|2.

Taking z as the current position within the span, t being the time, and h being a discretization step size in distance,
the solution for this equation after one elementary step is

X t (z +h, t ) = eh(D+N )X t (z, t ). (3.5)

If h is sufficiently small and much less than both LD and LN L , the following approximation becomes valid,

eh(D+N )X t (z, t ) ≈ ehD ehN X t (z, t ). (3.6)

Then, the solution for the propagation over the fiber with length L using M = L/h steps is

X t (L, t ) = e−h/2(D)

(
M∏

m=1
ehD ehN

)
eh/2(D)X t (0, t ). (3.7)

In Python, the SSFM for the NLSE can be implemented with the code presented in Listing 5.

However, due to the interest in real-time impairment compensation methods, the discrete time analytical solution
for this problem has been more attractive than the purely numerical solutions. Those analytical solutions have been
investigated for many years but the efficiency of their utilisation still remains an open problem [15], [16], [17], [1],
[18], [19], [20], [21], [22]. In Table 3.1, several models existing in the literature are reported with different approaches,
approximations and accuracy. In the following equations ξ is the dimensionless coordinate (z/LD ), ζ is the AWGN
noise term and C is coupling coefficients.
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3. Channel Models 3.1. A single Channel with Dual Polarization

Table 3.1: Some studied channel models

MODEL EQUATION

Infinite Memory Gaussian Noise [23]
Yi = Xi +ξi +ζi

〈ξi ,ξ∗i 〉 = ε2 ∑
m,n 6=0 |Cm,n |2

Finite Memory Gaussian Noise [24]

Yi = Xi +ξi +ζi

〈ξi ,ξ∗i 〉 = 2ε2 ∑
m,n 6=0 |Cm,n |2(2M −1)−1.∑k+M
j=k−M |X j |2

Nonlinear Interference noise
(NLI) with Gaussian approximation [25]

Yi = Xi e jθi +ζi

ζi ,θi = Gaussian variables

NLIN for phase noise [26]
Yi = Xi +∑M

m Xi+m2Cm +ζi

Cm = εl i mM→∞
∑M

n=−M |X |2Cmn

Nonlinear Phase noise [27] Yi = Xi +εXi |Xi |2C00 +ζi

1 import numpy as np
2 import cmath
3 class Schrodinger ( object ):
4

5 def Split_Step (self , N, Fs):
6 alpha = self.alfa
7 alph = alpha / (4.343)
8 gamma = self.gama
9 b2 = self. beta2

10 Ld = self.Ls
11 dt = 1/ Fs
12 h = Ld/N
13 u = self. signal
14 l = np.max(u. shape )
15

16 dw = 1.0 / float (l) / dt * 2.0 * np.pi
17

18 w = dw * np. arange (-1 * l / 2.0 , l / 2.0 , 1)
19 w = np. asarray (w)
20 w = np.fft. fftshift (w)
21

22 u = np. asarray (u)
23

24 spectrum = np.fft.fft ((u))
25 for jj in np. arange (N):
26 spectrum = spectrum * np.exp(-alph /2 * (h / 2.0) + 1j * b2 / 2.0 * (np. power (w, 2)

) * (h / 2.0))
27 f = np.fft.ifft( spectrum )
28 f = f * np.exp (1j * gamma * np. power (np. absolute (f), 2) * (h))
29 spectrum = np.fft.fft(f)
30 spectrum = spectrum * np.exp(-alph /2 * (h / 2.0) + 1j * b2 / 2.0 * (np. power (w, 2)

* (h / 2.0)))
31

32 self. output = np.fft.ifft( spectrum )

Listing 3.1: Split Step Fourier Method

The following subsections will focus on providing more details for three particular situations: a single channel with
two polarization components, spatial-division-multiplexing (SDM) transmission, and WDM transmission systems.

3.1 A single Channel with Dual Polarization

The perturbation analysis to the Dual Polarization transmission uses the Manakov equations to describe optical field
evolution through the fiber links, which emerge under the assumption that the effective nonlinear length is much
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3. Channel Models 3.1. A single Channel with Dual Polarization

longer than the fiber birefringent beating length [28]. The Manakov equations for dual polarization case are:

∂X t x (z, t )

∂z
=−α

2
X t x (z, t )− iβ2

2

∂2X t x (z, t )

∂t 2

+i
8γ

9
(|X t x (z, t )|2 +|X t y (z, t )|2)X t x (z, t ),

(3.8)

∂X t y (z, t )

∂z
=−α

2
X t y (z, t )− iβ2

2

∂2X t y (z, t )

∂t 2

+i
8γ

9
(|X t x (z, t )|2 +|X t y (z, t )|2)X t y (z, t ),

(3.9)

where X t x and X t y are the optical field of x and y polarization, respectively.

Considering the first-order perturbation theory, the Xx/y consists of sum of a linear propagation contribution
X t0x/y (z, t ) and a nonlinear perturbation ∆Xx/y (z, t ). The perturbation should satisfy the following equation:

∂∆Xx (z, t )

∂z
=−α

2
∆Xx (z, t )− iβ2

2

∂2∆Xx (z, t )

∂t 2

+i
8γ

9
(|X t0x (z, t )|2 +|X t0 y (z, t )|2)X t0x (z, t ).

(3.10)

In the frequency domain, the approximate solution to Eq. 3.10 accounting only for the leading nonlinearity order, in
the end of the fiber with length L can be written as follows

∆Xx (L, w) =
∫ L

0
e

(i w2β2−α)(L−z)
2

∫ ∞

−∞
e−i w t i 8γ

9
Tr x d td z, (3.11)

where Tr x = X t0x X ∗
t0x X t0x + X t0 y X ∗

t0 y X t0x . Using the convolution theorem, we obtain the following expression in time
domain:

∆Xx (L, t ) = i 8γ

9

1− i

2

∫ L

0

e
−α(L−z)

2√
β2(L−z)

2

[
e

i t2

2β2(L−z) ~Tr x

]
d z. (3.12)

Assuming that the accumulated dispersion is much larger than the symbol duration, the nonlinear perturbation terms
for the symbol at t = kTs can be approximated to following [28]:

∆Xxk = ∑
m,n

P
3
2

0

[
xk+n x∗

k+n+m xk+m + yk+n y∗
k+n xk+n

]
Cm,n , (3.13)

∆X yk = ∑
m,n

P
3
2

0

[
yk+n y∗

k+n+m yk+m +xk+n x∗
k+n yk+n

]
Cm,n , (3.14)

xxkr = xxk +∆Xxk , (3.15)

where xxkr is the received symbol and P0, xk , yk , and Cm,n are, respectively, the launch power, initial symbol se-
quences for the x- and y-polarization, and nonlinear perturbation coefficients, with m and n being the symbol indices.

In [29] a different model in the frequency domain was proposed. For a system that has a large pre-dispersion com-
pensation, represented as K as well as the accumulated dispersion β2z, the Equation 3.8 and 3.9 can be analytically
solved because the exponential term in the Equation 3.14 becomes highly oscillating. Then a saddle-point approxi-
mation can be used to evaluate the integral and simplify the resulting model.

Assuming that the effect of loss can be averaged out over periodic loss/gain variation, the solution at distance L based
on this approach is given by

Xx (L, w) = Xx (0, w)e
i 2πγ
|β2 | (|Xx (0,w)|2+|X y (0,w)|2)ln

[
1+ |β2 |L

K

]
, (3.16)

Xx (0, w) = 1

Fs
g

(
w

Fs

) N /2∑
k=−N /2

xk e−i k w
Fs , (3.17)

X y (0, w) = 1

Fs
g

(
w

Fs

) N /2∑
k=−N /2

yk e−i k w
Fs , (3.18)
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3. Channel Models 3.2. Models For SDM

where g (w) is the pulse shape function on the frequency domain, N is the number of symbols sampled at frequency
Fs .

3.2 Models For SDM

The SDM is the multiplexing technique that establishes multiple spatially distinguishable data paths through a single
fibre. Given the close proximity of the paths, the primary technical challenge of SDM is the crosstalk management.

To find a discrete-time channel model, the propagation of an optical signal via a few-mode optical fiber governed by
the Manakov equation for the D-modes is used [30, 31]:

∂Xp (z, t )

∂z
=−α

2
Xp (z, t )−β1

∂Xp (z, t )

∂t
− iβ2

2

∂2Xp (z, t )

∂t 2

+iκppγpp (|Xp (z, t )|2)Xp (z, t )+ iκpq

D∑
q 6=p

γpq (|Xq (z, t )|2)Xp (z, t )

+ηp (z, t )

(3.19)

where p is one of the possible D modes that has two polarization components (Xpx , Xpy ), β1 is the first order dis-
persion parameter, and ηp (z, t ) a zero-mean AWGN noise added to the system and characterised by the variance

σ2 = Nd
L δ(z − z ′)δ(t − t ′) and noise spectral density Nd . This formula captures both a) weak and b) strong coupling

regimes, when a) κpp = 8/9, κpq = 4/3 and b) κpp = κpq = (8D/3)/(2D + 1).

Given the expansions of the signal in terms of individual pulses,

Xkpi (0, t ) =
∞∑

k=−∞
xkpi .g (t −kTs ), (3.20)

we have for the transmitted signal expanded over the carrier pulses:

χkpi (z, t ) =C Di sp [Xkpi (z, t )]. (3.21)

For the received signal with dispersion compensation we arrive at the following expression:

Ykpi (z, t ) = P−1/2
0

∫ ∞

−∞
d tχkpi (z, t )g (t −kTs ) (3.22)

which is obtained after the matched filter and sampled at t = kTs .

The NLSE can be rewritten to its discrete-time statistical representation :

∂Ykpi

∂z
= ρ

L
ηkpi +V [V ]kpi , (3.23)

with

V [V ]kpi =
∑

j=x,y
P−1/2

0

M∑
m,n=−M

(εpp Yk+n,p j Y ∗
k+m+n,p j C pp

mn+

D∑
q 6=p

εpq Yk+n,q j Y ∗
k+m+n,q j C pq

mn)Yk+m,pi ,

(3.24)

where M is the memory window, xkpi is a complex number representing the symbol, ρ =
√

Nd W
P0

, with AWGN noise

term having correlation< ηkpi ,η∗kpi >= δ(z − z ′)δkk ′δpp ′δi i ′ , εpp = κppγpp P0 , εpq = κpqγpq P0. C pq
mn are expressed in

REAL-NET Consortium 2019-2023 Deliverable D2.1
16



3. Channel Models 3.3. Models For WDM

the frequency domain as:

C pq
mn = iΨs (z)

∫ ∫ ∫
d wd w1d w2e i w1(β

p
1 −β

q
1 )z

e i (w2
1+2w w1)(β

p
2 −β

q
2 )z e−i w1w2β

q
2 z−i w1mTs−i w2nTs

g∗(w)g (w1 +w)g (w2 +w)g∗(w +w1 +w2),

(3.25)

where g (w) is the time-varying pulse waveform or the pulse shaper in the frequency domain, and Ψs (z) is the signal
power profile that can be defined as:

Ψs (z) = e−αmod(z,L). (3.26)

Finally, the discrete time statistical model for the channel in the end of the fiber, considering only the the first order
over nonlinearity, can be expressed as:

ykpi = xkpi +ρζkpi+∑
j=x,y

P−1/2
0

M∑
m,n=−M

(εpp xk+n,p j x∗
k+m+n,p j Ù

pp
mn+

D∑
q 6=p

εpq xk+n,q j x∗
k+m+n,q j Ù

pq
mn)xk+m,pi ,

(3.27)

where Ùpq
mn and ζkpi and are:

Ùpq
mn =

∫ L

0
d zC pq

mn , (3.28)

ζkpi =
∫ L

0
d zηkpi . (3.29)

3.3 Models For WDM

Wavelength Division Multiplexing (WDM) is the technology where different data streams at different frequencies are
sent over a single optical fiber network. For deriving this model, let us consider a case where two channels are trans-
mitted together. Assuming that the channel of interest has central frequency set to zero, and the single interfering
channel has central frequency set to Ω, the zero-th order electrical field expression for this case is [32]:

X 0(z, t ) =∑
k

ak g (z, t −K Ts )+∑
k

bk g (z, t −K Ts −β2Ωz)e−iΩt+i βeΩ2 z
2 (3.30)

where ak and bk represent the data-bearing coefficients carried by the k-th symbol of the two channels, respectively,
and function g (z, t −K Ts ) is defined as:

g (z, t ) = F−1
[

e i
β2 w2 z

2 F [g (t )]

]
(3.31)

where F is the Fourier transform operator and g is the pulse shape function.

The first order correction for the field, X 1(z, t ), is obtained by solving the NLSE in which the nonlinear term is evalu-
ated from the zero-th order approximation:

∂X 1(z, t )

∂z
=− iβ2

2

∂2X 1(z, t )

∂t 2 + iγ f (z)|X 0(z, t )(z, t )|2X 0(z, t ) (3.32)

where f (z) = Ψs (z) rescales the fiber nonlinearity to include the effects of a loss/gain profile along the optical link.
The solution to this equation at z = L is straightforward and given by:

X 1(L, t ) = i
∫ L

0
d zU (L− z) f (z)

∣∣X 0(L, t )
∣∣2

X 0(L, t ), (3.33)
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3. Channel Models 3.3. Models For WDM

where U (z) = e−0.5iβ2z ∂2

∂t2 .

Without loss of generality, the detection of the zero-th data symbol a0 can be performed after passing the received sig-
nal X (L, t ) = X 0(L, t )+X 1(L, t ) through a matched filter whose impulse response is proportional to g (L,T ). Therefore,
the discrete time model for a0 is:

a0r = a0 + iγ
∑

h,k,m

(
ah a∗

k amSh,k,m +2ahb∗
k bm Xh,k,m

)
, (3.34)

where

Sh,k,m =
∫ L

0
d z f (z)

∫
d t g∗(z, t )g (z, t −hTs )g∗(z, t −kTs )g (z, t −mTs ) (3.35)

is responsible for intra-channel interference effects, whereas

Xh,k,m =
∫ L

0
d z f (z)

∫
d t g∗(z, t )g (z, t −hTs )g∗(z, t −kTs −β2Ωz)g (z, t −mTs −β2Ωz) (3.36)

accounts for (inter-channel) cross phase modulation-induced interference.

A simplified approach of the method described above is proposed in [3]. Considering that β2 = 0, the channel model
can be summarized as:

akr = ak e i h11|ak |2+i h12|bk |2 +ηk , (3.37)

where the term h11|ak |2 models the self phase modulation, the term h12|bk |2 models the cross phase modulation, h11

and h12 are channel coefficients, and ηk is the complex Gaussian noise contribution.
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4 Conclusions

In this deliverable, I, first, presented the program in Python for the simulations of all steps in a digital optical com-
munication system: encoder, digital and I/Q modulators, and receiver. Finally, in this section I addressed the metrics
used for assessing the transmission quality.

Then, a review of all steps participating in such a system were presented including graphic illustrations containing
the results of true simulations and explanations for the respective expressions derivations. In addiction, a thorough
literature review related to the different channel models was given. The particular focus of this work was the avail-
able analytical discrete models pertaining to the single-mode system with two polarisations, SDM and WDM system.
The models involve a specific a relation between the sent and received symbols, obtained under some simplifying
approximations.
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