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Abstract

In this deliverable, an overview of the dual polarization long-haul optical fiber communication is provided. The
pulse propagation model that includes the linear and nonlinear effects of optical fiber is investigated. The stan-
dard digital coherent receiver for the mitigation of linear distortions is reviewed. A neural network architecture
for the mitigation of the nonlinear effects in dual polarization systems is shown. Simulation results, comparing
the performance of the standard digital receiver and the neural network, are discussed. Finally, the performance
of the digital coherent receiver in wavelength-division multiplexing transmission is shown.
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1 Introduction

The interaction between the chromatic dispersion (CD), Kerr nonlinearity and amplified spontaneous emission
(ASE) noise limits the capacity of optical fiber. With the growth of the demand on traffic, the mitigation of
these effects is becoming a major research problem. Thanks to the advancement in the digital signal processing
(DSP) field, phase and polarization tracking of the received optical field is implemented in the electrical domain
by the use of digital coherent receivers [1]. Digital coherent receivers are utilized to mitigate the linear effects of
the channel such as CD and polarization mode dispersion (PMD) effects. This type of equalization has reduced
complexity and is implemented by the industry.

Pulse propagation model is essential to investigate various effects in nonlinear optical fiber [2]. One of the
efficient techniques that is used for implementing the nonlinear Schrödinger’s equation (NLSE) which describes
the pulse propagation phenomenon, is the split step Fourier transform (SSFM). The mitigation of the determin-
istic nonlinear effects is performed by inverting the SSFM, the inversion process is known as the digital back
propagation (DBP) [3]. It has been noted the DBP algorithm can require high computational resources [4] due
to its requirements to perform fast Fourier transform (FFT) and inverse fast Fourier transform (IFFT) multiple
times .

Neural Networks (NNs) have recently been studied for equalization in optical fiber communication [5]. Com-
pared to model-based equalizers such as DBP, NNs do not require side information about the channel, and
may offer low-complexity mitigation of impairments. There are two classes of NN equalizers. In model-driven
approaches, the NN architecture is based on the discretization of the nonlinear Schrödinger system using the
SSFM [6]. In contrast, in model-agnostic approaches, the architecture does not depend on the channel [5].
Multi-layer perceptron, convolutional and recurrent models, as well as their combinations, have been studied for
nonlinearity mitigation [7]. It is shown that Bidirectional long short-term Memory (BI-LSTM)-dense NN perform
well in this regard [7, 8].

2 Fiber channel

In fiber communication, the generated electrical signal is converted into lightwave either by a light emitting diode
or a laser. The intensity of the light is varied with the message signal. The transmitted light wave is amplified
periodically by amplifiers along the transmission path to mitigate the attenuation of the signal.

2.1 Propagation distortions

2.1.1 Attenuation

One of the distortions introduced by the fiber is the loss. The transmitted wave often suffers form power loss due
to several factors such as material absorption and the phenomenon of Rayleigh scattering. Since these phenomena
depend on the wavelength of the wave, fiber losses are wavelength dependent. Denote P0 as the lunched power at
the input of the fiber with length L. The transmitted power can be given

PT = P0 exp(−αL), (1)

where α is the attenuation constant.

2.1.2 Chormatic dispersion

Another important distortion limiting the data rate of fiber optic communication systems is the chromatic disper-
sion. Different signal frequencies (colors) travel at different speeds causing the spectral components of the light
wave to arrive at different times at the output, thereby broadening the transmitted pulse. One factor that con-
tributes to this phenomenon is the dependency of the refractive index on the wavelength, which is approximated
by the Sellmeier equation.

The effect of the chromatic dispersion can be seen by expanding the mode propagation constant β around the
frequency at which the pulse spectrum is centered w0

β(w) = β0 + β1(w − w0) +
1

2
β2(w − w0)

2 + · · · , (2)
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where

βm =

(
dmβ

dwm

)
w=w0

.

2.1.3 Polarization mode dispersion

Generally, a fiber link can support two orthogonal polarized modes the x and the y polarization. In a perfect
fiber the effective refractive index for both polarization are identical (nx = ny) which implies that they travel at
the same speed. However, fibers posses certain degree of of asymmetry due to imperfections in the manufacturing
process or mechanical stress on the fiber after manufacturing. The asymmetry breaks the degeneracy of the
orthogonally polarized modes, resulting in birefringence and a difference in the phase and group velocities of the
two modes. The imperfections are random in the fiber thus, the pulse spreading effects correspond to a randomw
alk, and have a mean polarization-dependent time-differential known as differential group delay (DGD) which is
proportional to the square root of propagation distance L.

∆τ = Dpmd

√
L, (3)

where Dpmd is the PMD parameter of the fiber measured in ps/
√
km.

2.1.4 Kerr effect

In optical fiber the refractive index also depends on the intensity of the electromagnetic wave that propagates
through, the refractive index can be written in the form:

n(w, I) = n(w) + n2I, (4)

where n(w) is the linear refractive index. n2 is the nonlinear refractive index and I is the intensity of the wave.
One of effects induced by this nonlinear phenomenon is the self phase modulation (SPM), where a nonlinear phase
shift is produced in the travelling wave. In dual polarization transmission a nonlinear phase shift is induced by
the co-propagating fields at a different wavelength. This is known as cross phase modulation (XPM).

2.1.5 Noise

A travelling wave in the optical medium also suffers from noise. Noise is defined as the deviation from an ideal
signal, it is usually associated with random processes. By definition it corrupts the information content and
fidelity of the signal. The main types of noise can be classified into various categories such as, thermal noise that
is related to the motion of the electrons and shot noise, which is produced by the amplifiers in the system. In our
analysis we assume that the noise effecting the signal is white over the bandwidth of the travelling signal. The
noise variance due to amplification

V =
1

2
(G− 1)hf0Rsnsp (5)

where G is the amplifier gain, h is blank’s constant, f0 is the center frequency, and nsp is the noise figure.

2.2 Mathematical channel model

The pulse propagation in a single polarization mode fiber is modeled by the NLSE

∂q

∂z
= −α

2
q − jβ2

2

∂2q

∂t2
+ jγ|q|2q +N(t, z), (6)

where j =
√
−1. |.| represents the magnitude. N(t, z) is the additive white Gaussian noise (AWGN) introduced

by the channel. q(t, z) is the low pass representation of the propagating wave at distance z. α is the attenuation
constant. β2 is the k = 2 dispersion coefficient. γ is the nonlinearity parameter. Propagation of signals in two
polarizations of the electric field over a single mode is modeled by the coupled nonlinear Schrödinger’s equation
(CNLSE). Let qi(t, z) be the complex envelope of the signal in polarization i ∈ {x, y}

∂qi(t, z)

∂z
= −α

2
qi − β1(z)

∂qi
∂t

− jβ2

2

∂2qi
∂t2

+ jγ
(
|qi|2 +

2

3
|qī|2

)
qi +N(t, z), (7)
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Fig. 1. Fiber link model, each segment has a length of ∆z

where, ī is complement of i. β1(z) ∈ C2×2 is a random unitary matrix that models polarization effects: a random
uniform phase shift and DGD between the two polarization, and the rotation of the state of polrization (SOP)
uniformly over the surface of the Poincaré sphere along the fiber. The Manakov-PMD formula takes into the
account the rapid changes in the value of β1(z)

∂qi(t, z)

∂z
= −α

2
qi − β1(z)

∂qi
∂t

− jβ2

2

∂2qi
∂t2

+ j
8

9
γ
(
|qi|2 + |qī|2

)
qi +N(t, z). (8)

2.3 Split step Fourier method

The fiber link can be viewed as a set of cascaded segment with length of ∆z = z
n , where n is an integer chosen to

be large. In each segment its assumed that the linear and the nonlinear effects act independently from each other
and can be solved separately.

2.3.1 Single polarization fiber

The linear part of the NLSE defined in Eq.6 at ∆z distance is written

∂ql(t,∆z)

∂z
= −α

2
ql −

jβ2

2

∂2ql
∂t2

. (9)

Define Ql(∆z, w) as the Fourier transform of ql(∆z, t)

Ql(w,∆z) =

∫ ∞

−∞
ql(t,∆z) exp(jwt)dt. (10)

In frequency domain Eq.9 is presented as

∂Ql(w,∆z)

∂z
= −α

2
Ql(w,∆z)−Ql(w,∆z)

jβ2w
2

2
. (11)

The differential equation 11 can be solved

Ql(w,∆z) = Ql(w, 0) exp
(
(−α

2
− jβ2w

2

2
)∆z

)
, (12)

where Ql(w, 0) is the frequency domain representation of the signal at the input of the segment. The nonlinear
part is presented as

∂qnl(t,∆z)

∂z
= jγ|qnl(t,∆z)|2qnl(t,∆z). (13)

Equation 13 is written as
qnl(∆z, t) = qnl(0, t) exp(jγ∆z|ql(∆z, t)|2), (14)

where qnl(0, t) = ql(∆z, t). The approach presented above can be modified for each segment to add a linear step
for ∆z

2 , then the nonlinear step and finally add the remaining half of the linear step to the signal, this is called
symmetric SSFM.
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FDE/DBP MIMO PolDemux CPE

Fig. 2. Digital receiver.

2.3.2 Dual polarization fiber

Letting ∆z = lc,where lc is the coherent length in which the DGD and SOP rotation remain constant. The
channel frequency response due to polarization phenomenon at distance of ∆z is presented as

CPMD(w) =

 cos θ exp
(
−j ϕ

2

)
sin θ

− exp
(
j ϕ
2

)
sin θ cos θ


exp

(
j τ
2

)
0

0 exp
(
− j τ

2

)
 , (15)

where τ is the time delay, θ and ϕ are the azimuth and elevation rotation angles that follow random uniform
distribution. In the dual polarization scenario, equation 16 is merged with the SSFM for the NLSE.

sectionDigital receiver

2.4 Frequency domain equalizer

The frequency domain equalizer (FDE) is used to compensate the chromatic dispersion introduced by the fiber
channel. The frequency response of the FDE is obtained by inverting the sign of β2 in the channel frequency
response due to chromatic dispersion.

CFDE(w) =

exp
(

jβ2w
2z

2

)
0

0 exp
(

jβ2w
2z

2

)
 (16)

2.5 Digital back propagation

DBP is used to compensate the linear (mainly chromatic dispersion) and the nonlinear kerr effect. DBP utilizes
the back propagation algorithm in the digital domain by solving the inverse of the Manakov-PMD equation
defined in Eq.8 using SSFM to calculate the transmitted signal from the received one. Here, we assume that the
DBP algorithm has the knowledge of the chromatic Dispersion and the nonlinear parameters (β2 and γ), thus it
is limited by the stochastic nature of some impairments such as, PMD. The linear operator of DBP needed to
compensate the linear effects is defined

LDBP =
jβ2w

2z

2
. (17)

And the nonlinear operator NDBP

NDBP = −j
8

9
γ
(
|qx|2 + |qy|2

)
. (18)

Similar to the SSFM, the fiber link is partitioned into n segments of ∆z length.

2.6 Adaptive MIMO equalizer

Due to the relatively rapid variation in the polarization states, the polarization dependent effects are considered
time varying. Therefore the compensation scheme is done in an adaptive manner. The PMD effects lead to 2× 2
frequency-selective channel. Therefore the PMD equalizer also satisfies the same structure. The output of the
MIMO equilzer can be described [

y1[k]
y2[k]

]
=

[
h1[k] h2[k]
h3[k] h4[k]

]H [
x1[k]
x2[k]

]
, (19)

where h1,h2,h3 and h4 are finite frequency response (FIR) filters of length N , and x1,x2 are input samples with
matching size taken from the two input signals on which the filter is applied. The taps of MIMO equalizer filters
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Fig. 3. MIMO equalizer.

are estimated using the constant modules (CM) and the radius direct (RD) algorithms. The update equations of
the filters

h1[k + 1] = h1[k]− µ
(
|y1[k]|2 −R1

)
y1[k]x

H
1 , (20)

h2[k + 1] = h2[k]− µ
(
|y1[k]|2 −R1

)
y1[k]x

H
2 , (21)

h3[k + 1] = h3[k]− µ
(
|y2[k]|2 −R2

)
y2[k]x

H
1 , (22)

h4[k + 1] = h4[k]− µ
(
|y2[k]|2 −R2

)
y2[k]x

H
2 , (23)

where µ is the learning rate. For normalized input signals

Ri =


0.2 |yi[k]| < 1+

√
0.2

2

1.8 |yi[k]| > 1+
√
1.8

2
1 else

(24)

for i ∈ {1, 2}.

2.7 Carrier phase estimation

Carrier phase estimation (CPE) is carried out after the compensation of the channel impairments. The algorithm
will simultaneously test different carrier phase angles and determine the most likely among these. The test carriers
can be described

ξb =
π

2

( b

B
− 1

2

)
, (25)

where b ∈ {0, 1, 2, · · · , B − 1}. The rotated symbols are fed into a decision circuit. The metric Db is calculated

Db =

N∑
i=−N

[
yi exp (−jξb)− ⌊yi exp (−jξb)⌉

]
. (26)

The decision rule
argmin

b
(Db). (27)

The phase ξb corresponding to b that minimizes Db is chosen.
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3 Neural networks for nonlinear mitigation

The use of NNs in nonlinearity mitigation can be classified into two main approaches. Model-driven NNs, consist
either in describing existing nonlinear equalizers, or determining physical parameters (i.e. symbol triplet pertur-
bative coefficients) used to perform NLSE resolution. In model-agnostic approaches, NNs act as a black box and
do not require any knowledge about the channel model.

3.1 Model-driven neural network

The authors in [9] exploit the fact that the SSFM has essentially the same functional form as the NN. The
proposed NN architecture that imitates the DBP algorithm by defining a linear layer to compensate the CD and
a phase activation function for the nonlinearity mitigation and repeating the defined layers multiple times. This
method is called Learned-DBP. The structure of the proposed NN is expressed as

Y = W (L)Φ(L)(W (L−1) · · ·Φ(1)(W (1)(X))), (28)

where W (k) and Φ(k) are respectively the k-th weight matrix and activation function. X = (x(1), x(2), · · · , x(m))
is the input of the NN which is the output of the fiber channel, Y = (y(1), y(2), · · · , y(m)) is the output of the
NN. Prior to training, the NN has to be initialized around the DBP in order to converge to a good solution. The
authors report that the resulting learned-DBP significantly reduces the implementation complexity compared
to conventional DBP. In [6] a model-based machine-learning approach for polarization-multiplexed systems by
parameterizing the SSFM for the Manakov-PMD equation is proposed. The NN applies arbitrary filter shapes
to dual polrized signals in a distributed fashion. This extends the learned-DBP approach by adding extra linear
layers to account for PMD . This method is called learned-DBP-PMD. linear layers for the learned-DBP-PMD is
decomposed into three parts as shown in Fig.4;

• Two complex-valued symmetric filters of odd length that can account for CD in each step.

• Two real-valued asymmetric filters to approximate fractional-delay DGD filters.

• A complex-valued 2× 2 principle state polarization (PSP)-rotating Jones matrix.

3.2 Model-agnostic neural network

A dynamic deep NN for nonlinear equalization in long haul transmission systems is reported in [10]. The NN
receiver is applied after ideal CD compensation. The NN architecture shown in Fig.5 takes the real and imaginary
parts as an input. To take into account the channel memory delay blocks are utilized. The input of the NN
architecture, so the overall neural network scheme is dynamic. Thus, for the equalization of each received symbol
the preceding symbols in the stream are also used. The size of the input layer is 2(Nd+1), where Nd is the number
of delay blocks. The network has also two hidden layers of and an output layer of two neurons, i.e. one for the real
and one for the imaginary output. The hidden layer neurons had a hyperbolic tangent sigmoid transfer functions,
whereas the neurons of the output layer had a linear transfer function.

A fully connected artificial NN for finding the inverse transfer function of the nonlinear channel is proposed
in [11]. A full DSP model is applied at the receiver and the neural network is added as component in the digital
receiver. The NN architecture consist of an input layer that takes symbols from both x and y polarizations, two

CD DGD

*

PSP

X

Fig. 4. Illustration of the PMD filter, ∗ is the convolution operation.
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Fig. 5. Deep neural network architecture as a nonlinear equalizer.

hidden dense layers with tangent hyperbolic (tanh) activation function and an output layer with 2 neurons that
produces a symbol for a single polarization. The NN is positioned in two different locations of the DSP chain:
once after directly after MIMO, and once after CPE and before the symbol decoder. Table 1 shows different NN
setups for nonlinearity equalization.

4 Proposed neural network receiver
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Fig. 6. Dual-polarization transmission system with neural network receiver.

The Neural network receiver is integrated in the fiber communication system as shown in Fig.6. The output
of the fiber channel is filtered and down sampled. The CD filter for chromatic dispersion compensation operates
on 2 samples per symbol (SpS). The NN that is responsible for mitigating the inter- and intra-polarization
nonlinearities, PMD and phase offset. The NN takes four real-valued vectors, performs nonlinear regression, and
outputs four real numbers corresponding to the real and imaginary parts of the symbols of the x and y polarization.
Note that the NN operates in a sliding-window fashion:as the vector at the input of the NN is shifted forward two
steps in time, two complex symbols are produced.

The NN is a cascade of a BI-LSTM and a small dense layer as in Fig.7. The BI-LSTM layer takes four vectors
of length Ns, containing the real and imaginary parts of the x− y symbols (input shape Ns× 4). The BI-LSTM
layer has N1 neurons and outputs a feature matrix of size Ns× 2N1. The output of the BI-LSTM layer is fed to
a fully-connected Dense layer with no activation,N2 neurons and output shape Ns×4. Note that joint processing
of polarizations is necessary in order to compensate nonlinear interactions between the two polarizations during
the propagation. Finally, classification (nearest neighbor detection)is applied followed by the decoding of the
transmitted bits .
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BiLSTM Dense

N =321

N  =42

Fig. 7. Neural network receiver.

4.1 Bi-LSTM

Recurrent Neural Network (RNN) is a class of of NNs where connections between nodes form cycles to feed the
activation’s from a previous step, thus exhibiting temporal dynamic behavior which makes it suitable for sequential
applications. RNN utilizes its internal states to store long-term temporal information. The RNN can suffer form
vanishing gradient, due to the influence of a given input on the hidden layer, and therefore on the network output,
either decays or blows up exponentially as it cycles around the network’s recurrent connections. BI-LSTM is
an RNN architecture specifically designed to address the vanishing gradient problem. The BI-LSTM network
contains input, forget and output gates and a memory cell. The behavior of the BI-LSTM unit is governed

ft = σf (Wfyt−1 + Ufxt), (29)

c̃t = tanh(Wyt−1 + Uxt), (30)

it = σi(Wiyt−1 + Uixt), (31)

ct = ft ∗ ct−1 + it ∗ c̃t, (32)

ot = σo(Woyt−1 + Uoxt), (33)

yt = ot ∗ tanh(ct), (34)

where yt is the output for a given input xt, ∗ is the Hadamard product, ct is the state of the cell, and c̃t is the
output of a non-linear activation. it ft ot represent the input forget and output gates respectively. W , U , Wi, Ui,
Wo, Uo, Wf and Uf , are the weight matrices of the BI-LSTM block to be optimized.

Parameter Value

Modulation format Dual polarization 16-QAM
Baud rate 32Gbaud

Loss 0.2 dB/km
Second order dispersion 17 ps/(nm-km)
Fibre nonlinear coefficient 1.4 (Watt · km)−1

polarization mode dispersion 0.05 ps/
√
km

Fiber length 1000 km
Span length 100 km

TABLE 1. Transmission and channel parameters.
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Fig. 8. Q-factor of the proposed receiver.

4.2 Simulation setup and results

Transmission simulations were performed for single channel transmission. The transmission and channel parametrs
used are shown in table.1. 10000 transmission blocks with 210symbols with an oversampling factor of 8 are
generated and propagated through the fiber link. The NN network is built, trained and evaluated in Keras with
Tensorflow . In the Keras model,mean squared error is chosen as a loss function and Adam as the optimizer. 80%
of the input blocks are used for training and 20% are utilized for validation. Another 20 blocks are generated
and used in testing the performance of the neural network. Fig.9 compares the Q-factors of the linear DSP and
NN. The NN achieves 0.6 dB gain over linear equalization at the optimal power. Note that the gain of the neural
network is small compared to the linear DSP, this is due to the fact that the linear DSP has a high Q-factor. A
more practical setup was introduced in later work and showed that the neural network outperforms by the linear
DSP by almost 2 db at high transmission powers.

5 Equalization in WDM transmission

5.1 Transmission system

In multi channel transmission, the x polarization term of the mth sub-carrier q̄xm(t, 0) can be written in terms of
its low pass equivalent qxm(t, 0)

q̄xm(t, 0) = ℜ[qxm(t, 0) exp(j2πfct)]. (35)

Similarly for the y polarization
q̄ym(t, 0) = ℜ[qym(t, 0) exp(j2πfct)]., (36)

T.X #1

T.X #2

R.X #1

T.X #M R.X #M

R.X #2

Fig. 9. Multi-channel transmission system.
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where fc is the carrier frequency. The complex envelope can be written as

qim(t, 0)=

Ns∑
ℓ=1

sim,ℓp(t− ℓTs) exp(j2πfmt), (37)

where fm is the frequency separation between the sub-carriers, p(t) is the pulse shape supported on Ts sec-
onds. It’s assumed that sim,ℓ has an average power E|siℓ|2 = P and that the pulse shape has a unit power, i.e.,

(1/Ts)
∫∞
−∞ |p(t)|2dt = 1. The complex envelope of the transmitted signal can be written as:

qi(t, 0)=

M∑
m=1

qim(t, 0), (38)

The received signal is de-multiplexed into sub-carriers, each sub-carrier is processed by a single receiver. In this
deliverable it’s assumed that the implemented receiver is the linear equalizer defined in the above section.

5.2 Simulation setup and results
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(a) WDM signal.
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(b) Equalized signal.
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(c) Linear Equalization.
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(d) DBP.

Fig. 10. Results obtained from the simulation: (a) Frequency spectrum of the WDM signal, where the signal
of interest is carried over the center channel (orange color), (b) Frequency spectrum of the signal of interest
after equalization using DBP, (c) Constellation diagram of the received symbols after linear equalization, and (d)
Constellation diagram of the received symbols after DBP equalization.

In our simulations, we generate dual-polarized 16-QAM signals at 32 Gbaud using root raised cosine pulse-
shaping (roll-off factor = 0.0625). A total of 5 channels were simultaneously generated at the transmitted, and
launched through the fiber channel. We set the total number of spans Nsp = 5, where each span has length Lsp =
100 km. Forward-propagation is simulated with 100 steps/span, and data is initially sampled at a high sampling
rate of 16 samples/symbol.
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On the receiver side, the signal goes through a demultiplexer to filter out all channels except of the channel
of interest (the center channel in Figure 10a). The signal is then equalized using two equalization algorithms,
namely: digital back-propagation and linear equalization. Following equalization, the signal is down-sampled
to 1 samples/symbol which represents the recovered symbols. We use Python accompanied with the Python
libraries NumPy and PyPlot in our simulations. We generate a total number of symbols Ns = 65526 symbols per
transmitted channel.

6 Conclusions

In this deliverable, we studied the dual-polarization long-haul optical fiber transmission. The digital coherent
receiver for the equalization of linear effects was reviewed. The use of neural networks as a nonlinear equalizer was
studied. A neural network for the joint mitigation of linear and nonlinear effects was described. Simulation results
showed that the neural network equalizer outperforms the standard digital receiver at the optimal transmission
power. The transmission system was extended to WDM systems. The performance of the standard digital
coherent equalizer for the WDM system was presented.
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